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Abstract. We investigate Tate cohomology of modules over a commutative 
noetherian ring with respect to semidualizing modules. We identify classes of 
modules admitting Tate resolutions and analyze the interaction between the 
corresponding relative and Tate cohomology modules. As an application of 
our approach, we prove a general balance result for Tate cohomology. Our 
results are based on an analysis of Tate cohomology in abelian categories. 



Introduction 

This paper investigates Tate cohomology of objects in abelian categories, inspired 
by the work of Avramov and Martsinkovsky [3] and building from our own work |17[ 
[T51 [TOj . Much of our motivation comes from certain categories of modules over a 
commutative ring R. For this introduction, we focus on this specific situation. (All 
rings in this paper are commutative with identity, and all modules are unital.) 

An i?-module C is semidualizing if R = Hom^(C, C) and Ext^^C, C) = 0. (See 
Section [2] for background information about these modules.) For example, the free 
module R is semidualizing, as is a dualizing module. 

Each semidualizing i?-module C comes equipped with a certain number of classes 
of -R-modules that have good homological properties with respect to C. One ex- 
ample is the class of C -projective R- modules Vc(R), consisting of the modules of 
the form P <g)R C for some projective i?-module P. Another example is the class 
Q(Vc(R)), containing the modules that are built by taking complete resolutions by 
modules in Vc(R)- Other examples are the categories of modules M that admit 
a bounded resolution by modules from Vc{R) or from Q(Vc(R))'> these are the 
modules M with Vc-P<i R (M) < oo or Q(Vc)-pd R (M) < oo. For example, when 
C = R, the modules in GiVciR)) are the Gorenstein projective R-modules, and 
5(^ , c)-pd^(M) is the Gorenstein projective dimension of M. 

The first step in constructing a theory of Tate cohomology with respect to C is to 
identify the modules M that admit appropriate resolutions: A Tate Vc '-resolution 
of M is a diagram of chain maps T — ► W — ► M where T and W are certain chain 
complexes of modules from Vc{R)- The complexes T and W contain slightly differ- 
ent homological information about M. For instance, W is a resolution of M which 
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measures G(Vc)-pd R (M) and Vc~pd R (M). The following result characterizes the 
modules which admit Tate 'Pc-resolutions. It is contained in Theorem 13.71 

Theorem A. Let R be a commutative ring, and let C be a semidualizing R-module. 
An R-module M admits a Tate Vc -resolution if and only if G(Vc)-pd R (M) is finite. 

Given an R- module M with a Tate Pc-resolution T — > W — > M, one uses 
the complex W to define the relative cohomology functors Extg/^ C ^(M, — ) and 
Extp c (M, — ). The complex T is used to define the Tate cohomology functors 
Extp c (M, — ). These cohomology functors are connected by the following result; it 
is proved in (|4.1ip . and the dual result is Corollary 14.131 The special case where 
C = R and M is finitely generated is in [3] (7.1)]. 

Theorem B. Let R be a commutative ring, and let C be a semidualizing R-module. 
Let M and N be R-modules, and assume that d = Q(T > c)-P<1r(M) < oo. There is 
a long exact sequence that is natural in M and N 

-Ext£ {Vc) (M, N) - Ext^ (M, N) - Ext^ c (M, N) -» 

-+Ext 2 g{Vc) (M, N) - Ext^ c (M, N) -» Ext^ (M, N) -» 

>Ext^ (Pc) (M, N) -» Ext^, c (M, AT) -» ETt^ c (M, TV) -> 

and there are isomorphisms Extp c (M, N) ^ Extp c (M, JV) /or eacft n> d. 

The next result shows how Tate cohomology detects the finiteness of 'Pc-projec- 
tive dimension. The proof is in (|5.3|) ; see also Corollary 15.51 

Theorem C. Let R be a commutative ring, and let C be a semidualizing R-module. 
For an R-module M with G("Pc)-pd R (M) < oo, the next conditions are equivalent: 

(i) VQ-pd^M) < oo; 

(ii) Extp c (— ,M) = for each (equivalently, for some) n e Z; 

(iii) Extp c (M, — ) = /or eac/i (equivalently, for some) n S Z; anc! 

(iv) Ext^, c (M,M) = 0. 

The following balance result is another one of our main theorems; it is proved 
in (|6.2[) . Corollary 16.31 shows how it improves upon a result of Asadollahi and 
Salarian [TJ (4.8)]. It also compliments work of Iacob [16l Thm. 2] and implies 
some of the main results of [2D]; see Corollary 16. 51 

Theorem D. Let R be a commutative ring, and let B and C be semidualizing 
R-modules such that B is in GVc(R)- Set B' = Hom R (B, C). Let M and N be 
R-modules such that G{T J B)-pd R (M) < oo and G(T B f)-id R (N) < oo. Then there 
are isomorphisms for each n ^ 1 

Ex^ B (M, N) S Ext5 Bf (Af, N). 
If R is noetherian and C is dualizing for R, this isomorphism holds for all n G Z. 

We conclude this section by summarizing the contents of this paper. Section [1] 
contains notation and background information on the relevant subcategories of 
abelian categories. Section [2J specifies the examples arising from semidualizing 
modules. Section [3] focuses on the main properties of Tate resolutions; it contains 
the proof of Theorem [X] In Section [4] we investigate the fundamental properties of 
Tate cohomology and prove Theorem [B] Section [5] analyzes the vanishing behavior 
of these functors and contains the proof of Theorem [C] Finally, Section [BJ deals 
with balance for Tate cohomolgy including the proof of Theorem [D] 
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1. Categories, Resolutions, and Relative Cohomology 
We begin with some notation and terminology for use throughout this paper. 

Definition 1.1. Throughout this work A is an abelian category, and Ab is the 
category of abelian groups. Write V — V(A) and X = 1(A) for the subcategories of 
projective and injective objects in A, respectively. We use the term "subcategory" 
to mean a "full and additive subcategory that is closed under isomorphisms." A 
subcategory X of A is exact if it is closed under direct summands and extensions; 
it satisfies the two-of-three property when it is closed under extensions, kernels of 
cpimorphisms, and cokcrncls of monomorphisms. 

Definition 1.2. We fix subcategories X,y, W, V C A such that W C X and 

V cy. Write X _L y if Ext^(X, Y) = for each object X G X and each object 

Y ey. For an object M G A, write M _L y (resp., X _L M) if Ext^(M,Y) = 
for each object Y G y (resp., if Ext^ 1 (X, M) = for each object X G X). We say 
that W is a cogenerator for A 7 if, for each object l£rf, there is an exact sequence 

O^X^W^X'^0 

with W E W and X' G A"; and W is an injective cogenerator for X if W is a 
cogenerator for X such that X _L VV. The terms generator and projective generator 
are defined dually. 

Definition 1.3. An A-complex is a sequence of homomorphisms in A 
M = ^ M n M„ 



*n-l > • • • 

such that d^Lidff = for each integer n. We frequently (and without warning) 
identify objects in A with complexes concentrated in degree 0. 

Fix an integer i and an „4-complex M. The ith homology object of M is Hj(M) = 
Ker(a 4 M )/Im(9^ 1 ). The ith suspension (or s/ii/t) of M, denoted 5?M, is the 
complex with (5?M)„ = M n _, and M = {-Ifd^. We set IM = Y>M. The 
/iard truncation M^i is the complex 

d M d M 

M^i = ^ M i+1 Mi -» 

and the hard truncations M>j, M^, and M<^ arc defined similarly. 

Definition 1.4. Let M and N be .A-complexes. The Horn-complex Hom^(M, N) 
is the complex of abelian groups defined as Hom^(M, N) n — Y[ p Horrid (M p , N p+n ) 

with nth differential dn° mAM ' N) given by {f p } » {d£ + J p - (-1)"/ P _i9f }. A 
morphism from M to N is an element of Ker(<9 ( !j Iom ' 4( - M ' Ar - ) ); it is null-homotopic if 
it is in lm(df omA(M ' N) ). The identity morphism M -> M is denoted idM- The 
complex M is Hom^A, —)-exact if Hom^(A, M) is exact for each object X <E X. 
The term Hom^(— , X)- exact is defined dually. 

Fix morphisms of ,4-complexes a, a' : M — > A. We say that a and a' are 
homotopic if the difference a — a' is null-homotopic. The morphism a is a homotopy 
equivalence if there is a morphism (3: N — > M such that /3a is homotopic to idM and 
a/3 is homotopic to id at. The complex M is contractible if idM is null-homotopic. 
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For each integer i, the morphism a induces a morphism on homology objects 
Hj (a): Hi(M) — ► Hj(iV), and a is a quasiisomorphism when each Hi (a) is an iso- 
morphism. The mapping cone of a is the complex Cone(a) defined as Cone(a)„ = 

foncfo) _ f &n 



N n M„_i with nth differential <9„ — ( 

Fact 1.5. Let a: M — » A be a morphism of ^4-complexes. There is a degreewise 
split exact sequence — * Z^A — ► Cone(a) — > M — > of ^4-complexes. The 
complex Cone(idM) is contractible. 

If M is contractible, then it is exact and for every „4-complex L, the complexes 
Hora4(M, L) and Hom^(L,M) are exact. 

Definition 1.6. Let A be an .4-complex. It is bounded if X n = for \n\ 3> 0. 

Assume that A_„ = = H„(A) for all n > and that M = H (A). The 
natural morphism X — > M is a quasiisomorphism. If each A„ is in A", then X is 
an X -resolution of M, and the associated exact sequence 

X+ = ■ ■ ■ i2-> Xx -^U X -» M - 

is the augmented X -resolution of M associated to X. Sometimes we call the quasi- 
isomorphism A" M a resolution of M. 

An ^-resolution X is proper if A + is Hom^4(,Y, — )-exact. We set 

res X = the subcategory of objects of A admitting a proper ^-resolution. 

The X -projective dimension of M is the quantity 

Af-pd(M) = inf{sup{n ^ | X„ ^ 0} | A is an ^-resolution of M}. 

The objects of ^-projective dimension are exactly the objects of X. We set 

res A" = the subcategory of objects M £ A with Af-pd(M) < oo. 

One checks readily that res A" and res X are subcategories of A that contain X. 

We define (proper) y -cores olutions and y -infective dimension dually. The aug- 
mented y -coresolution associated to a 3^-coresolution Y is denoted + Y , and the 
y-injective dimension of M is y-id(M). We set 

cores J 7 = the subcategory of objects of A admitting a proper ^-coresolution 

cores y = the subcategory of objects N £ A with 3 ; -id(A) < oo 

which are subcategories of A that contain y. 

Auslander and Buchweitz [21 (1.1)] provide the next important constructions. 

Definition 1.7. Assume that X and y are exact and that W and V are closed 
under direct summands. Assume that W is a cogenerator for X and that V is a 
generator for y, and fix an object M S res X. There exist exact sequences in A 

-> if -> A -> M -> -> Ai -> if' -> A' -> 

such that if , if' € resW and Xq,X' G A". The first sequence is a WA'-apprcrama- 
tion of M, and the second sequence is a WX-hull of M. It follows that M admits 
a bounded strict YJ X -resolution, that is, a bounded ^-resolution A M such 
that Xi G VV for each i ^ 1. This resolution is obtained by splicing a bounded 
W-resolution of if with the WA^-approximation. 

Similarly, an object N in cores y admits a bounded strict yV -coresolution, that 
is, a bounded ^-coresolution A ^> Y such that Fj 6 V for each i ^ — 1. 
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Definition 1.8. Let / : M — > M' and g : N — > N' be morphisms in A. If M admits 
a proper W-resolution W M, then for each integer n the nth relative cohomology 
group Ext^ v _ 4 (M, N) is 

Ext^(M, /V) = H_„(Hom^(l^, TV)). 

If M' also admits a proper W-resolution W M', then [TSl (1.8. a)] yields a lifting 
/ : W —> W of / that is unique up to homotopy, and we define 

Ext^(/, N) = H_„(Hom^(/, N)) : Ext^(M', N) -> Ext^(M, TV) 

Ext^(M, 5 ) = H_ n (Honu(W, 5 )) : Ext^(M, TV) -» Ext^(M, TV'). 

We write Ext^ ) 1 _ 4 (M,y) = if Ext^ (Af, F) = for each object F G y. When 
A' C res W, we write Ext^ 1 (A", F) = if Ext^ A (X, F) = for each object X E X 
and each object F G F 

When TV and N' admit proper V-coresolutions, the nth relative cohomology group 
Ext^ w (AT, TV) is defined dually, as are the maps 

Ext n AV (f, N) : Ext^ v (M', N) -» Ext n AV (M, N) 
Ext AV (M, «?) : Ext^ v (M, /V) Ex& v (M, TV') 

and similarly for the conditions Ext^y (X, N) — and Ext^ v (A' ) y) = 0. 
Definition 1.9. Let M,N be objects in A. If M admits a proper W-resolution 

W M and a proper A-resolution X M, let idM : IF ^ X be a lifting of 
the identity idM : M — > AT, cf. [THl (1.8. a)]. This is a quasiisomorphism such that 
7 = 7'idjvf- We set 

AO = H_ n (Honu(id^, /V)) : Ext^(M, TV) - Ext^(M, TV). 
When TV admits a proper F-coresolution and a proper V-coresolution, the map 

0%yv{M, TV) : ExVXy(M, TV) -> Ext^ v (M, /V) 
is defined similarly. 

Fact 1.10. Let R be a commutative ring, and assume that W is a subcategory of 
A = M(R). Let M,M',N,N' be i?-modules equipped with i?-module homomor- 
phisms f:M—> AT' and g : TV — ► TV'. If M admits a proper W-resolution, then each 
group Ext^ A (M, TV) is an i?-module. If M' also admits a proper W-resolution, then 
the maps Ext^y_4(/, TV) and Ext^y^Af, g) are i?-module homomorphisms. Similar 
comments hold for Ext_4y and the maps from Definition 11.91 

Fact 1.11. The uniqueness of the liftings in 18, (1.8)] shows that 

Ext^y^ : res W x A — > Ab and Ext^ v : A x cores V — * Ab 

are well-defined bifunctors, and 

$XWA : Ext A , ^l(rcsVVnrosA ; )x^ ~* Ext VV.A I ( ros vVnrcs X) xA 
^AyV : Ext ^Ux (cores Vncores5>) ~* Ext -AV Ux (cores Vncorcs y) 

are well-defined natural transformations, independent of resolutions and liftings. 

One has Ext%\(X, -) = and Ext^ 1 (-, F) = 0. There is a natural equivalence 
Ext ^ = Hom^ on res X x A, and similarly Ext^-y = Hom^ on A x cores y. 

We conclude this section by summarizing some aspects of |19] . 
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Definition 1.12. An exact complex in W is totally Yv '-acyclic if it is Hom^i(W, — )- 
exact and Hom^(- , W)-exact. Let Q(W) denote the subcategory of A whose mod- 
ules are of the form M = Coker(9}^) for some totally W-acyclic complex W in W; 
we say that W is a complete VV -resolution of M. 

Fact 1.13. A contractible W-complex is totally W-acyclic; see Fact 11.51 

It is straightforward to show that W is a subcategory of QiW): if N G W, then 

the complex — > N — iV — > is a complete W-resolution of iV. 

Let M be an object in G(W) with complete W-resolution W. The hard trunca- 
tion W^o is a proper W-resolution of M such that Vy^" is Hom^(— , W)-exact, and 
W<o is a proper W-coresolution of M such that + W^<o is Hom^W, — )-exact. So, 
one has M £ res W n cores W and Ext^ 1 _ A (M, W) = = Ext^(W, M). 

Using standard arguments, one sees readily that any complete W-resolution is 
Hom^(cores W, — )-exact and Hom^(- , res W)-exact. 

Fact 1.14. Assume that W ± W. We have Q(W) 1 res W and cores W 1 £(W). 
The category <?(W) is exact, and W is both an injective cogenerator and a projective 
generator for Q(W). If W is closed under kernels of epimorphisms or under cokernels 
of monomorphisms, then so is Q{W). See [H (4.3), (4.5), (4.7), (4.11), (4.12)]. 

2. Semidualizing Modules and Associated Categories 

Much of the motivation for this work comes from the module categories discussed 
in this section, wherein R is a commutative ring. 

Definition 2.1. Let A4(R) denote the category of i?-modules. We write V(R) and 
2(R) for the subcategories of projective i?-modules and injective i?-modules. 

The study of semidualizing modules was initiated independently (with different 
names) by Foxby [Sj , Golod [H] , and Vasconcelos [55] . 

Definition 2.2. An i?-module C is semidualizing if it satisfies the following: 

(1) C admits a (possibly unbounded) resolution by finite rank free i?-modules; 

(2) The natural homothety map R — > Homjj(C, C) is an isomorphism; and 

(3) Extl 1 (C,C) = 0. 

A finitely generated projective i?-module of rank 1 is semidualizing. If R is Cohen- 
Macaulay, then C is dualizing if it is semidualizing and idfl(C) is finite. 

Over a nocthcrian ring, the next categories were introduced by Foxby [S] when C 
is dualizing, and by Vasconcelos [25J §4.4] for arbitrary C, with different notation. 
In the non-noetherian setting, see Holm and White [15] and White [23] . 

Definition 2.3. Let C be a semidualizing i?-module. 

The Auslander class of C is the subcategory Ac{R) of i?-modules M such that 

(1) Tor^C*, M) = = Extf^C, C ® R M), and 

(2) The natural map M —> Hom^(C, C ®r M) is an isomorphism. 
The Bass class of C is the subcategory Bc(R) of R- modules N such that 

(1) Extl^C.Af) = = Tor^C, Hom^C, M)), and 

(2) The natural evaluation map C ®u HoniR(C, N) — > N is an isomorphism. 

Based on the work of Enochs and Jenda [7] , the following notions were introduced 
and studied in this generality by Holm and J0rgensen [TJ] and White [53] . 
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Definition 2.4. Let C be a semidualizing i?-module, and set 

Pc(R) = the subcategory of modules M = P (g) R C where P is i?-projective 

Xc(R) — the subcategory of modules N = Hom^(C, I) where / is i?-injective. 

Modules in Vc{R) and Ic{R) are called C '-projective and C-injective, respectively. 
A complete PTc -resolution is a complex X of i?-modules satisfying the following: 

(1) X is exact and Homjj(- , "P c (i?) )-exact; and 

(2) Xi is projective for i ^ and is C-projective for i < 0. 

An R- module M is Gc -projective if there exists a complete 'P'Pc-resolution X such 
that M = Coker(<9f-), and A is a complete Wc -resolution of M. Set 

QVc{R) = the subcategory of Gc-projective i?-modules. 

In the case C = R we use the more common terminology "complete projective 
resolution" and "Gorenstein projective module" and the notation QV{R). 
A complete XcX- cores olution is a complex Y of i?,-modules such that: 

(1) Y is exact and Romaic (R), — )-exact; and 

(2) Yi is injective for i ^ and Yi is C-injective for i > 0. 

An i?-module N is Gc -injective if there exists a complete XcZ-coresolution Y such 
that N = Ker(d^), and Y is a complete XcT- cores olution of N. Set 

QXc(R) = the subcategory of Gc-injective i?-modules. 

In the case C = R we use the more common terminology "complete injective 
resolution" and "Gorenstein injective module" and the notation QI{R). 

Notation 2.5. Let C be a semidualizing i?-module. We abbreviate as follows: 



Pd fl (- 
V c -vd R (- 

gr-pd R (- 
gp c -vd R (- 
g(P c )- P d R (~ 



= V(R)-j>d(-) ida(-) - X(R)-id(-) 

= P c (R)-pd(-) 2b-id fl (-) = X c (i?)-id(-) 

= gP(i?)- P d(-) ei-idfl(-) = 0I(i2)-id(-) 

= ^ c (i?)-pd(-) 02b-idfl(-) - GX C (R)M-) 

= G(p c (R))-pd(-) g{x c )-id R {-) = g(x c (R))-id(-). 



Fact 2.6. Let B and C be semidualizing i?-modules. The Auslander class Ac(R) 
contains every projective i?-module and every C-injective i?-module, and the Bass 
class Bc(R) contains every injective i?-module and every C-projective R- module; 
see [HI Lems. 4.1, 5.1]. These classes also satisfy the two-of-three property by [13 
Cor. 6.3]. Hence, Ac(R) contains the i?-modules of finite projective dimension 
and the -R-modules of finite Z(7-hrj e ctive dimension, and Bc{R) contains the R- 
modules of finite injective dimension and the i?-modules of finite "Pc-projective 
dimension. From [21j (2.8)] we know that an i?-module M is in Bc(R) if and only 
if Hom H (C, M) e Ac(R), and that M e A C (R) if and only if C ® R M G B C {R). 

The category Vc{R) is exact and closed under kernels of epimorphisms by [T^l 
Prop. 5.1(b)] and [531 (2-8)]. Also, Vc(R) is an injective cogenerator and a projec- 
tive generator for g(P c {R)) = gP c {R)r\B c (R), and g(P c {R)) is exact and closed 
under kernels of epimorphisms; see [THl Sees. 4-5]. In particular, Pc{R) -L Pc{R)- 

The category Xc(R) is exact and closed under cokernels of monomorphisms. 
Also, Xc(R) is an injective cogenerator and a projective generator for g(Xc(R)) = 
gXc(R) (~1 Ac{R), and g(Xc{R)) is exact and closed under cokernels of monomor- 
phisms; see [HJ Sees. 4-5]. In particular, we have Xc{R) -1 Xc{R). 
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If B £ GVc(R), then Hom R (B,C) is also semidualizing; see, e.g. [6l (2.11)]. If 
C is dualizing, then B € GVc{R) and C ^ B ® R Rom R (B,C); see (3.3.10)], 
[IH (3.3)] and [H (4.4)]. 

The next lemma is from an early version of [3T]. We are grateful to Takahashi 
and White for allowing us to include it here. 

Lemma 2.7. Let R be a commutative ring, and let C be a semidualizing R- 
module. Assume that R is Cohen- Macaulay with a dualizing module D, and set 
Cfl = Houiji(C, D) . For each R-module M, one has Vc-pd R (M) < oo if and only 
if l C i -id R (M) < oo. 

Proof. We prove the forward implication; the proof of the converse is similar. As- 
sume that n — Vc-pd R (M) < oo. The category of modules of finite 2 c t-id satisfies 
the two-of-three property by )21[ (3.4)]. Hence, using a routine induction argument 
on n, it suffices to assume that n = and prove that I c i-id R (AI) < oo. 

So, we assume that there is a projective i?-module P such that M = C ® R P. 
This yields the second equality in the next sequence 

X ct -id K (M) = id R {& ® r M) = id fi (Ct ® R C® R P) = id R (D ® R P) < oo. 

The first equality is from [211 (2.11-b)], and the third equality is from Fact l2.6l The 
finiteness follows from the fact that id^(D) is finite and P is projective. □ 

The next three lemmas are for use in Corollary [675] 

Lemma 2.8. Let R be a commutative ring, and let C be a semidualizing R-module. 
Let M be an R-module. 

(a) M is in g(V c (R)) if and only ifRom R (C, M) is in GP{R) n A C {R)- 

(b) M is in g(Z c (R)) if and only ifC® R M is in QX(R) n B C {R). 

Proof. We prove part jb|; the proof of jaj) is dual. 

Assume first that M S Q(Xc(R)), and fix a complete Z^-resolution Y of M. 
Fact [2761 implies that M S Ac(R), and that C ® R M e B C (R)- Since each module 
Yi is in Tc{R), it is straightforward to show that the complex C® R Y is a complex of 
injective i?-modules; see, e.g., [15j Thm. 1]. Also, since the modules M = Ker(<9^) 
and Yi are all in Ac (R) , it is straightforward to show that C <S> R Y is exact and 
that C® R M = Ker(d£® RY ). 

By assumption, the complex Y is Hom R (Xc(R), — )-exact. Hence, for each injec- 
tive i?-module /, the following complex is exact 

Hom fl (Hom fl (C, J), Y) = Hom H (Hom fl (C ! I), Hom fl (C, C ® R Y)) 

S Kom R {C ® R Rom R (C, I),C® R Y) 

= Rom R (I,C<Z) R Y). 

In this sequence, the first isomorphism comes from the fact that each Y t is in Ac(R). 
The second isomorphism is Hom-tensor adjointness, and the third isomorphism is 
due to the condition / s Bc(R)- It follows that C ® R Y is a complete injective 
resolution of C <£> R M, so we have C <£> R M G QI(R). 

For the converse, assume that C ® R M S QI{R) n Bc(R)- Fact 12.61 implies 
that M € Ac(R)- Let Z be a complete injective resolution of C ®r M. Since the 
modules C (g) R M and Zi are in Bc{R), we conclude that the complex Hom R (C, Z) 
is exact with M = Ker(d^° mR< " C ' Z ' > ). Thus, to conclude the proof, we need to show 
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that Hom R (C, Z) is Hom R (Xc(R), — )-exact and HornR(— ,2c(i2))-exact. Let J be 
an injective i?-module. Since Z is Hom R (X(R), — )-exact, the next complex is exact 

Hom fi ( J, Z) S Hom R (C ®r Hom R (C, J), Z) 

Hom H (Hom iI (C ! J), Hom R (C, Z)). 

The isomorphisms are from the condition J G Bc(R) and from Hom-tensor adjoint - 
ness, respectively. Thus, Hom R (C, Z) is Hom.R(Zcr(-R), — )-exact. 

The complex HoniR(C, Z) consists of modules in Tc(R) C ./4c(-R) and has 
Ker(5j Iomil(C '' Z) ) S Rom R (C,M) G ,4c (JZ). It follows that C ® R Hom R (C, Z) 
is exact. The fact that J is injective implies that the next complex is exact 

Hom fl (C ® R Rom R (C, Z), J) Rom R (ttom R {C, Z), Hom fl (C, J)) 

where the isomorphism is from Hom-tensor adjointness. It follows that Hornfj(C, Z) 
is Hom^(— , Xc(R))-exa,ct, as desired. □ 

The next two results improve upon Lemma [2~8l and compliment [M] (4.2), (4.3)]. 
The proof of Lemma [2.101 is dual to that of 12.91 

Lemma 2.9. Let R be a commutative ring, and let C be a semidualizing R-module. 
For an R-module M, the following conditions are equivalent: 
(i) g(V c )-l?d R (M) < oo; 
(h) QV c -pd R (M) < oo and M G B C (R); and 
(iii) gV-pd R (Rom R (C,M)) < oo and M G B C {R). 
When these conditions are satisfied, we have 

g(V c )-pd R (M) = gV c -pd R (M) = gV-pd R (Rom R (C, M)). (2.9.1) 

Proof. (0) =>■ Assume that g{Vc)-pd R (M) < oo. Since g(V c (R)) is a sub- 
category of gVc(R), we have gV c -pd R {M) < g(P c )-pd fl (M) < oo. As Bc(#) 
satisfies the two-of-three property and contains g(Vc(R))> we have M G Bc(R). 

(EU => dm}. Assume that g = £-p c -pd fl (Af) < oo and M G B C (R). The con- 
dition M G Sc(-R) implies that M has a proper 7> c (.^-resolution T by [21, (2.3)]. 
In particular, the complex Hom R (C,T + ) is exact, and it follows that Hom R (C, T) 
is a projective resolution of Hornfj(C, M) with 

Cokcr(3 3 H + °r (C ' T) ) = Hom fl (C,Coker(9j +1 )). 

Since each Tj is in Vc{R) Q GVc{R)i the condition g = gVc-pd R (M) < oo implies 
that K g = Coker(dJ +1 ) is G c -projective; see O (2.16)] and 13, (2.20)]. Since 
M is in B C (R) and each T. t is in B C (R), Fact Ej2 implies that K g G B C (R). It 
follows that Kg is in gV c {R) D B C {R) = G(Pc(R)), so Lemma EHfej) implies that 
Hom R (C, Kg) G gT , (R). Hence, the exact sequence 

-> Hom R (C, K s ) -> Hom R (C, T fl _ x ) -» ► Hom R (C, T ) -» Hom R (C, M) -> 

shows that 0-P-pd R (Hom R ((7, M)) < .9 = <?P c -pd fl (M) < oo. 

(jm) p]). Assume that d = gV-pd R (Kom. R {C,M)) < oo and M G Bc(-R)- 
Let T be a proper (-R)-resolution of M, and set Kd = Coker(9j +1 ). As in the 
previous paragraph, Hom R (C, T) is a projective resolution of Hom R (C, M) with 

Eom R (C,K d ) - Coker(9^ R(C ' T) ) G A C (R). 

The fact that d = GT-pd R (liom R (C, M)) < oo implies that Coker(5^^ H(C ' T) ) is 
Gorenstein projective, and we conclude from Lemma l2~8lf aj) that Kd G g(Vc{R))- 
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Hence the exact sequence — ► Kd — > T^-i — > • • • — > To — > shows that we have 
G(V c )-pd R {M) sC d = gV-pd R (Rom R (C,M)) < oo. 

Finally, assume that conditions |H)- |m)) are satished. The proofs of the three 
implications yield the inequalities in the next sequence: 

5(V c )-pd R (M) < gr c -pd R {M) < gV-pd R (Rom R (C,M)) s? S(;P c )-pd fl (M). 

This verifies the equalities in (|2.9.ip . □ 

Lemma 2.10. Let R be a commutative ring, and let C be a semidualizing R-module. 
For an R-module M , the following conditions are equivalent: 

(i) Q{l c )-id R {M) < oo/ 

(ii) QX c -id R {M) < oo and M G Ac{R); and 

(iii) gi-id R (C ® R M) < oo and M G -4c(-R). 
When these conditions are satisfied, we have 

g{l c )-id R (M) = gi c -id R {M) = gi-id R (C ® fl M). □ 

Remark 2.11. Lemmas I2.9ll2.10l have the following interpretations in terms of 
"Foxby equivalence". Fact 12.61 shows that the functors C <& R — and Kom R (C, — ) 
provide natural equivalences between the Auslander and Bass classes, as we indicate 
in the middle row of the following diagram: 



A C (R) Rres -gV <n ~ res-g(Vc) ( 



A C (R) , B C (R) 

Hoiiih(C-) 



cores -£(Z c )^ n ^ ~ Bc{R) fl cores-^T<„. 

The equivalences in the top and bottom rows of the diagram follow from Lemmas l2.9l 
and 12.101 using the equivalence in the middle row. Here, the notation res-gV^ n 
stands for the category of i?-modules M with gV-pd R {M) ^ n, et cetera. 

The final three results of this section are proved like Lemmas l2.8H2.10l 

Lemma 2.12. Let R be a commutative ring, and let C be a semidualizing R-module. 
Let M be an R-module. 

(a) M is in gV{R) n A C (R) if and only if C ® R M is in g(V c (R))- 

(b) M is in gi(R) n B C {R) if and only i/Hom fl (C, M) is in g(l c (R)). □ 

Lemma 2.13. Let R be a commutative ring, and let C be a semidualizing R-module. 
For an R-module M , the following conditions are equivalent: 

(i) g(V c )-pd R (C® R M)<oo; 

(ii) gV c -pd R {C <S>r M) < oo and M G A C {R); and 

(iii) gV-pd R {M) < oo and M G A C (R)- 
When these conditions are satisfied, we have 

g{V c )-pd R (C ® R M) = gr c -pd R (c ® R M) = gV-pd R {M). □ 

Lemma 2.14. Let R be a commutative ring, and let C be a semidualizing R-module. 
For an R-module M , the following conditions are equivalent: 
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(i) g{l c )-id R (Rom R (C,M)) < oo; 

(ii) gi c -id R (Rom R (C, M)) < oo and M G B C (R); and 

(iii) gi-id R (M) < oo and M G 

When these conditions are satisfied, we have 

g(l c )-id R (Uom R (C, M)) = gi c -id R (Rom R (C, M)) = Ql-id R {M). □ 
3. Tate resolutions 

In this section, we study the resolutions used to define our Tate cohomology 
functors. In many cases, the objects admitting such resolutions are precisely the 
objects of finite C?(W)-projective/injective dimension; see Theorems 13.61 and 13.71 

Definition 3.1. Let M and N be objects in A. 

A Tate W ' -resolution of M is a diagram T W M of morphisms of A- 
complexes wherein T is an exact W-complex that is totally W-acyclic, 7 is a proper 
W-resolution of M, and a n is an isomorphism for n>0. We set 

res W = the subcategory of objects of A admitting a Tate W-resolution. 

A Tate V- cores olution of A is a diagram N V — > S of morphisms of A- 
complexes wherein S is an exact V-complex that is totally V-acyclic, 8 is a proper 
V-coresolution of N, and (3 n is an isomorphism for n <C 0. We set 

cores V = the subcategory of objects of A admitting a Tate V-coresolution. 

Fact 3.2. Given M' , M" G resW with Tate W-rcsolutions T' W' ^ M' and 
one readily shows that the direct sum 

r © t" v a " w © w^" v ° 7 y » M © M" 

is a Tate W-resolution of M © M" . It follows that res W is a subcategory of A. 
Similarly, we see that cores V is a subcategory of A. 

If M admits a Tate W-resolution T — » W — » M, then is a proper W-resolution 
of M. Hence, res W C res W, and similarly, cores V C cores V. 

If M is in Q(W) with complete W-resolution T, then M admits a Tate W- 
resolution T — ► M and a Tate W-coresolution M -> ZT <0 -> ET. Hence, 

( W) is a subcategory of res W (~l cores W. 

Assume that W _L W. If M G resW, then any bounded W-resolution W M 
is proper by [THl (3. 2. a)], and this yields a Tate W-resolution —> W ^+ M. In 
particular, we have res W C res W. Similarly, if V _L V, then cores V C cores V. 

The next two results are tools for the proof of Theorem 13.61 
Lemma 3.3. One has res W C res^(W) and cores V C cores G(V). 

Proof. We prove the first containment; the proof of the second containment is dual. 

Let M be an object in res W, and fix a Tate W-resolution T ^> W — > M. Since 
T is an exact totally W-acyclic complex in W, the object Coker(<9j) is in Q(W) 
for each integer n. By assumption, the homomorphism a n is an isomorphism for 
n > 0, and it follows that Coker(<9jf) S Coker(^) G S(W) for n > 0. Also, each 
object Wi is in 5(W), so the exact sequence 

-► Coker(9^) -> W n _! >• W M 
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is a bounded augmented C?(W)-resolution of M. □ 

Lemma 3.4. Assume that X and y are exact, that W is both an injective cogen- 
eratoT and a projective generator for X, and that V is both an injective cogenerator 
and a projective generator for y. 

(a) Let M be an object in res A". If X is closed under kernels of epimorphisms, 
then M admits a Tate W ' -resolution T —> W — > M such that a n is an iso- 
morphism for each n ^ X-pd(M) and each object Ker(9 4 T ) is in X . More- 
over, this resolution can be built so that a n is a split surjection for all n. 

(b) Let N be an object in cores y. If y is closed under cokernels of monomor- 

phisms, then N admits a Tate V- cores olution N V S such that f3 n is 
an isomorphism for each n — 3Md(jV) and each object Kei(df) is in y. 
Moreover, this resolution can be built so that [3 n is a split injection for all n. 

Proof. We prove part (jaj); the proof of Jb| is dual. 

Since W is a projective generator and an injective generator for X, we have 
X C res W n cores W and res A 7 C res W by [HI (3.3)]. In particular, the object 
M admits a proper W-resolution W - 1 * M. Set d = X-pd(M). Since X is closed 
under kernels of epimorphisms, it follows from [2 (3.3)] that X = Ker(d d ^ 1 ) is in 

X, and hence X admits a proper W-coresolution X W such that each Ker(9| v ) 
is in X; see [TH1 (1-8)]. A standard argument using the condition W _L X shows 
that + W is Horn^W, -)-exact. 

Set W = T. d ~ 1 W . The properness of W yields a morphism 7 : W — > W<d making 
the following diagram commute. 

*- X *- W d -i * " W a »- W-i »- ■ ■ • 



ld-i 



X Wd-i >■ *~ W 



7-1 (3.4.1) 



The top row of this diagram is both Hom^(>V, — )-exact and Hom^(- , W)-exact. 
The truncation W^d is a proper W-resolution of X, hence the complex W> d is 
Hom^(>V, — )-exact; a standard argument using the condition X _L W shows that 
it is also Hom^(- , W)-exact. Let T^ be the complex obtained by splicing W^d and 
W along X. It follows that each T^ 1] is in W and that T^> is both Hom^W, -)- 
exact and Hom^(— , W)-exact. Set 




for n < d 
for n ^ d. 



The diagram (|3.4.ip shows that : T^ — > W is a morphism, and it follows that 



Q (i) 7 

the diagram T > W M is a Tate W-resolution. 



Next we show how to modify the Tate W-resolution T ( ' > W — > M to build 

a Tate W-resolution T W M such that each a n is a split surjection and such 
that a n = a' n for all n ^ d. To this end, it suffices to construct a contractible W- 

complex T^ 2 ) and a morphism a : T^ 1 ' ©T^ 2 ' — ► W such that a n is a split surjection 

(2) 

for each n < a, and such that T„ = for each n ^ d. 
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Consider the truncation W<d- The complex = Y. 1 Cone(idvi/ <d ) is con- 
tractible, and T n 2) = for each n > d; see Fact O Let / : -> W denote 
the composition of the natural morphisms = Cone(idw <d ) — > W<d —> W. 
Note that f n is a split epimorphism for each n < d, and /„ = for each n d. One 
checks readily that the morphisms a n — (offl fn) ■ © — > W n describe a 
morphism of complexes satisfying the desired properties. □ 



The next result is a version of Lemma 13 .41 for objects in X with fewer hypotheses 
on the categories. 

Proposition 3.5. Let M be an object in A. Assume that W is an injective cogen- 
erator for X , and that V is a projective generator for y. 

(a) IfM e X, then M e resW if and only if M eG(W). 

(b) IfM e y, then M £ cores V if and only if M 6 G(V). 

Proof. We prove part (Jaj); the proof of (0 is dual. One implication is covered by 
the containment Q(W) C cores W from Remark 13.21 

For the converse, assume that M is in cores W and fix a Tate W-resolution 
T ^ W -U M. By assumption, the augmented resolution W + is Hom^(W, — )- 
exact. We claim that it is also Hom^(— , W)-exact. Indeed, since W is an injective 
cogenerator for X, we have M _L W, and the condition W C X implies that Wi _L W 
for each i ^ 0. A standard induction argument yields the claim. 

We claim that W 1. M . As in the proof of Lemma [3~3l the object Coker(c^) is 
in G(W) for all i > 0. Hence, Fact 01 implies that W 1 Coker(9 l lv ) for all i > 0. 
Since W 1 Wi for all i, a standard induction argument yields the claim. 

Since W is an injective cogenerator for X, the object M admits a proper W- 
coresolution M ^ W. Hence, the augmented coresolution + W is Hom^(— ,W)- 
exact. A standard induction argument, using the conditions W _L M and VV -L Wi, 
shows that + W is also Hom^4(W, — )-exact. 

Splice the resolutions W and W to construct the following exact sequence in W 

W= ■■■^Wi^Wo > W W^ • ■ ■ 



such that M ^ Cokei(dY) = Coker^). Since W+ and +W are Honu(W, -)- 
exact and Hom^(~, W)-exact, it follows that W is a complete resolution of M, so 
M is in G(W), by definition. □ 

The following characterizations of resW and cores V are akin to [3l (3.1)]. 

Theorem 3.6. Assume that W is closed under kernels of epimorphisms and that 
W J- W. Assume that V is closed under cokernels of monomorphisms and V 1 V. 

(a) An object M G A admits a Tate Yv ' -resolution T —>■ W — > M (such that each 
a n is a split surjection) if and only if (?(W)-pd(M) < oo. Hence, we have 

resW = resG{W), so the category resW is closed under direct summands 
and satisfies the two-of-three property. 

(b) An object N £ A admits a Tate V -coresolution N — > V — > S (such that 
each P n is a split injection) if and only if (?(V)-id(AT) < oo. Hence, we have 

cores V = cores G(V), so the category cores V is closed under direct summands 
and satisfies the two-of-three property. 
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Proof. The desired equivalences follow from Lemmas 13.31 and 13.41 using Fact 11.141 
The properties of resW and cores V follow from (3. 4), (3. 5)]. □ 

The next result contains Theorem lAl from the introduction. 

Theorem 3.7. Let R be a commutative ring, and let C be a semidualizing R- 

module. With Vc = Pc{R) an d 1c — 1c{R), one has resQ{Vc) — TesVc and 

cores Q(Iq) — coresTc. Also, the categories vesQ{Pc) an d cores G(Tc) are closed 
under direct summands and satisfy the two-of-three property. 

Proof. Fact 12.61 implies that Vc (R) satisfies the hypotheses of Theorem I3.6fe j) and 
that Xc{R) satisfies the hypotheses of Theorem |3J3jjb]) . □ 

The next result is the key for well-definedness and functoriality of Tate cohomol- 
ogy. The proof is almost identical to that of [31 (5.3)]. 

Lemma 3.8. Let M, M', N, N' be objects in A. Assume that M and M' admit 

Tate W '-resolutions T A W M and T W' X M' , and that N and N' 

admit Tate V -cores olutions N — > V — > S and N' — > V' — > S' 

(a) For each morphism f: M — > M' there is a morphism f ' : W — > W, unique 
up to homotopy, making the right-most square in the next diagram commute 




and for each such f there exists a morphism f : T — > T' , unique up to homo- 
topy, making the left-most square in the diagram commute up to homotopy. 
If f is an isomorphism, then f and f are homotopy equivalences. 
(b) For each morphism g: N — > N' there is a morphism g: V — > V , unique up 
to homotopy, making the left-most square in the next diagram commute 



a 




, s' . J 





9 

N' — '—>■ V — ->■ 5" 

and for each such g there exists a morphism g: S — > 5' , unique up to homo- 
topy, making the right-most square in the diagram commute up to homotopy. 
If g is an isomorphism, then g and g are homotopy equivalences. □ 

What follows is a horseshoe lemma for Tate (co)resolutions like [31 (5.5)]. The 
proof is similar to that of [31 (5.5)], but it is different enough to merit inclusion. 

Lemma 3.9. Assume that W is closed under kernels of epimorphisms and that 
W _L W. Assume that V is closed under cokernels of monomorphisms and V 1 V. 

(a) Fix an exact sequence -► W M ±> M" -» in A that is Hom^(W, -)- 
exact. Assume that M' and M" admit Tate W -resolutions T' -A W M' 
and T" ^—^ W" ^—^ M" such that a' n and a" are split surjections for 
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all n G Z and isomorphisms for each n d. Then M admits a Tate W- 
resolution T -A W M such that a n is an isomorphism for each n ^ d 
and such that there is a commutative diagram of morphisms 



(3.9.1) 



wherein the top two rows are degreewise split exact. 
(b) Fix an exact sequence -> N' A N A N" -> in A that is Hom^(-, V)- 

exact. Assume that N' and N" admit Tate V -coresolutions N' —> V S' 
and N" — > V" J —-> S" such that (3' n and (3" are split injections for all n G 7L 
and isomorphisms for each n ^ d. Then N admits a Tate V- cores olution 

N A V — > S such that (3 n is an isomorphism for each n ^ d and such that 
there is a commutative diagram of morphisms 

p 





>■ S' — S — S" — >■ 

wherein the bottom two rows are degreewise split exact. 

Proof. We prove part Jaj); the proof of JbJ is dual. The lower half of the dia- 
gram (|3.9.1ll is constructed in the relative horseshoe lemma [18l (1.9. a)]. Note that 

we have W n = W' n ® W% for each n G Z, and £„ = ( id ™n ) an d ( n = (0 id w »)- 



Furthermore, wc have dYf — 



9„ fn 

dl v 



for some /„ € Hom^(W^', W^_ x ); and 



the equation i9„ d„ +1 — implies that 



9 n fn+l + fndn +1 — 0. 



(3.9.2) 



We set T n =Tj n @ T" for each n G Z, and £„ = ( id < J and Cn = (0 id T »)- 

The proof will be complete once we construct morphisms g n G Horn^T^', Z^ —1 ) 
and h n G Hom^T", W n ) for each neZ such that 



<C 9n+i + 5n9j +1 = 
h n dn +1 = d^ +1 h n+ i + fn+\a'n +1 - a' n g n+ i. 
Indeed, once this is done we set 

dT' n "l0 a" 



(3.9.3) 
(3.9.4) 



d T = 
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Using the equation (|3.9.3I) . it is straightforward to show that d T makes T into a 
chain complex such that £ and £ are chain maps. Similarly, the equation (|3.9.4|) 
implies that a is a chain map. Since the matrices defining these maps are upper- 
triangular, it follows readily that the diagram (|3.9.ip commutes, using the fact that 
the horizontal maps in the top two rows are the canonical injections and surjections. 
Since a' n and a" are isomorphisms for each n ^ d, the snake lemma implies that 
a n is an isomorphism for each n d. Similarly, a' n and a" are surjections for 
each n G Z, the snake lemma implies that a n is a surjection for each n G Z. 
Finally, the fact that VV is closed under kernels of epimorphisms implies that each 
Ker(a„) G W; so, the condition W1W implies that each a n is a split surjection. 
Since the top row T of (|3.9.1|) is degreewise split exact, the sequence Hom^(/7, T) 
is exact for each U G W. Since Hornet/, T') and Hom^(U,T") are exact, a long 
exact sequence argument shows that Hornet/, T) is also exact. In summary, we 
conclude that T is Hom_4(W, — )-exact, and a similar argument shows that it is 
Hom_4(— , W)-exact. 

The assumption that a' n and a" are isomorphisms for each n J? d implies that 

Coker(9^' 1 ) = Coker(c)J+ 1 ) G Q(W) and Coker(9^) S Coker(5j+ 1 ) G £(W). 

The exact sequence of complexes 

o - - w> d -> w£ d - o 

has associated long exact sequence 

-> Coker(9^' 1 ) -> Coker(a^ 1 ) -> Coker(^i) -> 0. (3.9.5) 
Fact 11.141 implies that Q(W) is closed under extensions, so Coker(9 ( ^ 1 ) G G(W). 
For each n > d set <?„ = (a^-i) -1 /'* ™- ^or cacn n > d, this yields 

= -("n-l) _1 Sr'/n+l<+l = -(a™-l) _1 ^r'<«) _1 /n+ia"+i 
= -K-i) _1 a'n-iC (a«) _1 /ri+ia"+i = ~C (al) _1 /n+i< + i 
= ~9„ 9n+l- 

The first, fourth, and sixth equalities are by definition; the second one holds because 
a" is a chain map; the third one is from equation (|3.9.2() : and the fifth one holds 
because a' is a chain map. This implies that (|3.9.3|) is satisfied for each n > d. 
Thus, we have constructed the complex T^d and a degreewise split exact sequence 

-> % d T >d ^ T^ d -» 0. (3.9.6) 

For n d, set h n = 0. One checks readily that our choices for g n and h n sat- 
isfy (|3.9.4p for all n > d, and that a n is an isomorphism for n d. In particular, 
we have Coker(9j +1 ) = Coker(9^ 1 ). The sequence (|3.9.5[) is Hom_4(— , W)-exact 
because Ext^(Coker(9^ 1 ), W) = 0; see Fact 11.141 Hence, the relative horseshoe 
lemma |18[ (1.9.b)] yields a commutative diagram of morphisms 



Coker(5j; i ) Coker(9j +1 ) Coker(9j+ 1 ) 



id-w 

<d 





I id T // 

V <d 



(3.9.7) 



1 <d *~ 1 <d ^ 1 <d 
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Splice T^d and T <c i along Coker(<9j +1 ) to form T. Note that the differential on T 
is of the form — (^ dn 1 an< ^ the equation d T dJ l+1 = implies that (|3.9.3|) 

holds for all neZ. It remains to build the h n for n < d such that (|3.9.4|) holds for 
all n ^ d. We generate the remaining homomorphisms by descending induction on 
n, for which the base case (n > d) has already been addressed with h n = 0. 

By induction, we assume that h n +i has been constructed and we find h n . Using 
the fact that T" is Hom^(-, W^)-exact, it suffices to show that the homomorphism 
d^ +1 h n+ i + f n+ xa'n +1 - a' n g n+1 is a cycle in Hom^(T", W^) n+1 . This is done in 
the following sequence wherein the first, third, and fifth equalities are routine: 

— £}W t qT" i f II c\T" I aT" 

— °n+l n n+lO n+ 2 + Jn+l a n+l C n+2 — a n9n+\O n+2 

= d^ +1 {d^ +2 h n+2 + /n+2a"+2 - a' n+1 g n+2 ) 

+ fn+lOt'n+ldn+2 ~ a n9n+l^ra+2 

— a n+l°n+2 n n+2 + C n+1 /„+2Q! n+ 2 - °'n+l Q: n+l3n+2 

+ fn+lOt'n+ldn+2 _ a n3n+l<9j +2 

_ n i aW /• // / aT' , r off" // / r\T" 

— U + n+l/n+2 Q; ,i+2 ~ a n°'n+l5n+2 + Jn+lO n+ 2 a n+2 ~ a n5"+l°n+2 

= (d^+lfn+2 + fn+ld^ +2 )a'n+2 ~ a 'n(^n+l9n+2 + 9n+ld^ +2 ). 

The second equality follows because h n +i satisfies the equation (|3.9.4[) ; the fourth 
one follows as a' and a" are morphisms and W 1 is a complex. The last expression 
in this sequence vanishes by (|3.9.2p and (|3.9.3p . This completes the proof. □ 

The next result provides strict resolutions, as in [3] (3.8)], for use in Theo- 
rem !4.10l Note that Lemma provides Tate resolutions satisfying the hypotheses. 

Lemma 3.10. Assume that W is closed under direct summands. Let f : M —* M' 

be a morphism in res W, and let T —> W M and T' —> W' — * M' be Tate 
Yv '-resolutions such that Coker(9^), Coker(9^ ) £ X and such that a n and a' n are 
split surjections for all n. 

(a) There exists a degreewise split exact sequence of A- complexes 

-> Z _1 X -> f -► W -> 
where T — (T^o) + , and satisfying the following conditions: 

• X is a bounded strict W "X -resolution of M , • T is exact, 

• T n = for each n < —1, • T_i is in X , 

• T n is in W for each n J? 0, and • X^o — IjsO- 

(b) There exists a commutative diagram of morphisms of A- complexes 

> T^X >- f ^ W *- 











/ 


/ 



>- H^X' >- T> ^ W =*■ 

wherein each row is an exact sequence as in part [jap , the morphisms f* and 
f are lifts of f , and f is induced by a lift of f . 



18 



SEAN SATHER-WAGSTAFF, TIRDAD SHARIF, AND DIANA WHITE 



Proof. (jaj The hard truncation T^o is a proper W-resolution of Coker(9^). Set 
T = (T^q) + . The morphism a: T — > W is degreewise a split surjection, and it 
follows that the induced morphism v. T — > W is degreewise a split surjection. 
Setting X — Z Ker(^), yields a degreewise split exact sequence of the desired form. 
Since T is exact, the associated long exact sequence shows that X is a resolution 
of M. Since a n is an isomorphism for n 3> 0, we conclude that X is bounded. 
As a n is a split surjection for each n, we have X n G W for each n ^ 1. Since 
Xo = Coker(9^) G X, it follows that A" is a bounded strict WA'-resolution of M. 
(jb|) Lemma IS^filjaj) yields the following commutative diagram 



W- 



M 



f 













of morphisms of ^-complexes. Using the definitions T = (Tj>o) + and T' = (T^ Q ) + , 

it is straightforward to show that / induces a morphism / : T — > T' that makes the 
next diagram commute 



0- 



0- 



T^X 



T^X' 



T ■ 



' T 7 



- W- 

7 







0. 



From the conditions X = ZKer(i/) and X' = ZKer(^') it is straightforward to 
show that / induces a morphism /* making the desired diagram commute. 

By definition, / is a lift of /. Since T and T' are exact, the morphism / is a 
quasiisomorphism. Using the induced diagrams on long exact sequences, one readily 
shows that these facts imply that /* is a lift of /. □ 



Let g: N -> N' 



The proof of the next result is dual to the previous proof. 

Lemma 3.11. Assume that V is closed under direct summands 

be a morphism in cores V , and let N i V L and N' —> V L' be Tate 
V -cores olutions such that Ker(<9^), Ker(<9^ ) G y and such that j3 n and j3' n are split 
surjections for all n. 

(a) There exists a degreewise split exact sequence of A- complexes 

0->V->S-*-ZY-s-0 

where S — (S^q) + , and satisfying the following conditions: 

• Y is a bounded strict yV -cores olution of N, • S is exact, 

• S n = for each n > 1, • Si is in y, 

• S n is in V for each n ^ 0, and • S<^q = S<^q . 

(b) There exists a commutative diagram of morphisms of A- complexes 







V 



s 



Y.Y 







g 


*^g* 


■ 





v ■ 



S' 



ZY' 
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wherein each row is an exact sequence as in part [faj). the morphisms g and 
g* are lifts of g, and g is induced by a lift of g. □ 

We end this section with two examples. The first one shows that, even when W is 
a projective generator and an injective cogenerator for X, one may have X C Q(W). 

Example 3.12. Let R be a commutative noetherian local ring with residue field k. 
Let W denote the category of finite rank free -R-modules. Let X denote the category 
of finitely generated i?-modules G in QV{R) with finite complexity, that is, such 
that the sequence of Betti numbers {f3f(G)} is bounded above by a polynomial in 
i. (The category X was studied by Gerko [ID].) It is straightforward to show that 
W C X C Q(W) and that W a projective generator and an injective cogenerator 
for X. Furthermore, if R is artinian and Gorenstein, then k G G(W). If R is not 
a complete intersection, then k ^ X because k has infinite complexity, so we have 
X C g(W) in this case. 

Our next example shows that some categories are not perfectly suited for study- 
ing in this context. 

Example 3.13. Let R be a commutative noetherian ring. An i?-module G is 
strongly Gorenstein projective if it is in QV{R) with complete projective resolution 

that is periodic of period 1, that is, of the form ■ ■■^Up^Up^rP^U---. These 
modules were introduced by Bennis and Mahdou [4] who prove that an i?-module is 
in QV(R) if and only if it is a direct summand of a strongly Gorenstein projective R- 
module. Let QT' S (R) denote the category of strongly Gorenstein projective modules. 
Then we have V(R) C QV S (R) C £J"P(i?), and V(R) is a projective generator and 
an injective cogenerator for QV S (R). 

On the surface, it looks as though our results should apply to the category 
X = QV S (R). However, this category is not closed under direct summands in 
general (see [4| (3.11)]) so it is not exact and many our results do not apply For 
instance, in Lemma 13.41 we can conclude that each strongly Gorenstein projective 
i?-module M admits a Tate "P(i?)-resolution T — > W — > M; however, we cannot 
conclude directly that Ker(9^") is strongly Gorenstein projective. 

4. Foundations of Tate Cohomology 

This section contains fundamental results on Tate cohomology functors, includ- 
ing the proof of Theorem [Bj 

Definition 4.1. Let M, M', AT, N' be objects in A equipped with homomorphisms 
/: M -> M' and g: N —* N'. If M admits a Tate W-resolution T A W -U M, 
define the nth Tate cohomology group Extyy_4(M, N) as 

Ext^(M, N) = H_ n (Hom^(T, N)) 

for each integer n. If M' also admits a Tate W-resolution T' W — » M' , then 
let / be as in Lemma 13.81 and define 

S5w^(/> N) = H_ n (Hom^(/, AO) : Ext^(M', N) -> Extft^M, A r ) 

Ext^(M, ff ) = H_„(Honu(T,ff)): Ext^ A (M,JV) -> Ext^(M ! AT / ). 

The following comparison homomorphisms 

s^ A (M, N) = H_„(Hom(a, JV)) : Ext^ v _ 4 (M, A r ) Ext^M, N) 
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make the next diagram commute for each integer n 



Ext? 



Ext WA (M,N) 



Ext? 



Ext 



WA 



Ext? 



Ext^(M',TV) 



(M, TV') 



Ext WA (M,N) 



Ext? 



Ext^(M,TV'). 



S 

On the other hand, if TVjwlmits a Tate V-coresolution TV — > V — ► S, define the nth 
Tate cohomology group Ext^y [M, TV) as 

Ext^ v (M, TV) = H_„(Honu(M, S)) 
for each integer n. If TV' also admits a Tate V-coresolution TV' —> V > S', then 



let <? be as in Lemma 13.81 and define 

ErtJ v (/> N) = R- n (Kom A (f, S)) : Ext^ v (M', TV) -> Ext^ v (M, TV") 
Ext^ v (M, 5 ) = H_ n (Hom^(M,ff)): Ext AV {M,N) -> Ext^ v (M, TV'). 
The following comparison homomorphisms 

s AV (M, TV) = H_ n (Hom(M, /?)) : Ext^ v (M, /V) -> Ext^y (AT, /V) 
make the next diagram commute for each integer n 



Ext 



Ext^ v (/,A0 



Ext AV (M,N) 



Ext'\ v (M,g) 



e AV (M',N) 



E X t AV (M',N) 



Ext^ v (/,JV) 



Ext%(M, /V) 



Ext^ v (M,g) 



Ext r AV {M,N') 

e AV (M,N>) 

Ext AV (M, TV'). 



Fact 4.2. Let i? be a commutative ring, and assume that W and V are subcategories 
of A = M.{R). Let M, M', TV, TV' be i?- modules equipped with i?-module homomor- 
phisms f: M — > M' and g: TV — > TV'. If M admits a Tate W-resolution, then each 
group Exty V _ 4 (M, TV) is an i?-module, and the comparison maps e^AM, TV) are 
i?-module homomorphisms. If M' also admits a Tate W-resolution, then the maps 
Extyy_ 4 (/, TV) and Exty V _ 4 (M, g) are i?-module homomorphisms. Similar comments 
hold for Ext^ v and £^ V (M, TV). 

Fact 4.3. Lemma |XU parts (jaj) and (|bj show that 



Ext 



WA 



rcsW x A ^ Ab 



and Ext^ v : A x cores V — * Ab 



are well-defined bifunctors and that 



-WA 



Ext^ v _ A | resWx _ A 



Extyy^ e AV : Ext^ v |_ Axcoros y — » Ext^y 



are natural transformations, independent of resolutions and liftings. 

Notation 4.4. Let R be a commutative ring, and let C be a semidualizing R- 
module. We abbreviate as follows: 



Extp c = Extp c ( fl )_ M ( i? ) 

Ext-p c = Exhp a (R)M(R) 



Ext Ic - Ext M ( il ) Ic ( i? ) 



Ext 



Ext 



a(-Pc) 



Ext 



Q(Vc(R))M(R) 



Ext 



<?(Xc) 



Ext. 
Ext 



M(R)I C (R) 
M{R)Q(Ic(R))- 



The next result show that objects with finite homological dimensions have van- 
ishing Tate cohomology, as in [3J (5.2)]. See Theorems 15.21 and 15.41 for converses. 
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Proposition 4.5. Let M and N be objects in A, and assume W _L W and V 1 V. 

(a) IfW-pd(M) < oo, thenJtet^^M, -) = andExt^ A (-, M) = for all n. 

(b) IfV-id(N) < oo, then Extft v (-, AT) = and Ext^ v (7V, -) = for all n. 

Proof. We prove part (jaj); the proof of (jb| is dual. Assume that W-pd(M) < oo. 
The vanishing Extw A (M, — ) = follows from Remark 13.21 since we have a Tate 
W-resolution of M of the form -> W -> M. The vanishing Ext w ^(-,Af) = 
follows from the last part of Fact 1 1.131 since, for each complete W-resolution T", the 
complex Hom^T', M) is exact. □ 

Our next results provide long exact sequences for Tate cohomology. They are 
proved like [51 (5. 4), (5. 6)], using Lemma 



Lemma 4.6. Let M be an object in resW, and let N be an object in cores V. 
Consider an exact sequence in A 

L = O^L'^iiL'^O. 

(a) If the sequence L is Hom_4(W, —)-exact, then there is a long exact sequence 

- — -„ , i» ExtS, a (M.f') =r~-« > - ExtS, , !M,f) 

>Extit VA {M,L') WA ' > Ext^ A (M,L) WA( J; > 

Ext W-4 (M, L ) ► Ext M ^ 4 (M, L ) ► • • • 

that is natural in M and L 7 and is compatible with the long exact sequence 
in relative cohomology via the comparison maps £y\>A f rom \4-T\ 

(b) If the sequence L is Hom^(- , V)-exact, then there is a long exact sequence 



>Ext AV (L", N) Ext^ v (L, N) 

Ext AV (L',N) d -^Ml Srt«+i(L",JV) 



i/iai is natural in N and L, and is compatible with the long exact sequence 
in relative cohomology via the comparison maps e AV from \jn\ □ 



Lemma 4.7. Let M and N be objects in A, and assume that W _L W and V _L V. 

Consider an exact sequence in A 

L = O^L'Aiir^O. 

(a) Assume that W is closed under kernels of epimorphisms, the objects L. L' , L" 
are in res W, and the sequence L is Hom_4(W, —)-exact. Then there is a long 
exact sequence 

• • ■ ^ WA (L», N) Ext^ A (L, N) 

^ WA (L', N) Ext-i(L", N) • • • 

that is natural in N and L. and is compatible with the long exact sequence 
in relative cohomology via the comparison maps s^a- 

(b) Assume that V is closed under cokernels of monomorphisms, the objects 
L,L',L" are in cores V, and the sequence L is Hom A (— , V)- exact. Then 
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there is a long exact sequence 

■ ■ ■ -BrtJ v (2l*, L>) gT t n v(M> L) gW) 



Ext^M, L") St-VCM, X') Ext - (MJ,) ; • • • 

t/iat is natural in M and L, and is compatible with the long exact sequence 
in relative cohomology via the comparison maps s Av . □ 

The next two lemmas allow us to dimension-shift with Tate cohomology. They 
have similar proofs, as do the other natural invariants. 

Lemma 4.8. Assume that W _L W, and consider an exact sequence in A 

L = -» V -> L -» L" -> 

i/iai is Hom_4(W\ — ) exaci and suc/i that L G res W. 

(a) The natural transformation 3"(— , L) : Ext^ v _ /t (— , L") Ext^j^(— , L 1 ) is an 
isomorphism of functors for each n G Z. 

(b) // W is closed under kernels of epimorphisms and L' , L" G rcsW, tten t/ie 
natural transformation 8™(L, — ) : Extyy^(L', — ) ^> Ext^JfX", — ) is an iso- 
morphism of functors for each n G Z. 

Proof, (jg) Use the long exact sequence from Lemma I4.6[jaj) with the vanishing 
Extyy^(— , L) = from Propositon l4.5f[ a]). 

|b|) Our hypotheses guarantee that the functors and tranfsormation under con- 
sideration are defined. Now use the long exact sequence from Lemma l4.7tfbl with 
the vanishing Ext^y^(L, — ) = from Propositon 14. 5f[ a]) . □ 

Lemma 4.9. Assume that V _L V, and consider an exact sequence in A 

L = -» V -> L -» L" -> 
ttaf is Hom_4(— , V) exact and such that L G cores V. 

(a) TTie natural transformation <3™(L, — ) : Ext^ v (L', — ) Ext^y 1 (L", — ) is an 
isomorphism of functors for each n G Z. 

(b) 7/V is closed under cokernels of monomorphisms and L^L" G cores V, t/ien 

the natural transformation <3 n (— , L): Ext^ v (— ,L") ^+ Ext^y 1 (— ,L') is an 
isomorphism of functors for each n G Z. □ 

Next, we connect relative and Tate cohomology via a long exact sequence. 

Theorem 4.10. Assume that X is exact and closed under kernels of epimorphisms. 
Assume that W is closed under direct summands and is both an injective cogenerator 
and a projective generator for X. Fix objects M G res X and N G A, and set 
d = X -j)d(M) . There is a long exact sequence 

-^Ext^(M, N) °™^ M ' N) , Ext^(M, N) e ^ M ' N) , Ext^(M, N) -> 

-Ext^(M, N) Vxt 2 WA (M, N) £ ^ (M ' JV) . Ex^(M, iV) -» 

■ • • -Ebct^M, JV) Ext^M, TV) g ^^), gxt^(M, TV) - 

f/iaf is natural in M and N, and the next maps are isomorphisms for each n > d 
e WA (M,N): Ext WA (M,N) ^ ^t WA (M,N). 
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Proof. By Lemma I3.4lj a|) there is a Tate W-resolution T — > W — > M such that 
a n is a split surjection for each n. Lemma f3. lOt faj) yields a degreewise split exact 
sequence of complexes 

-> Yr x X -» T' -> FF -» (4.10.1) 
wherein X is a bounded strict W ^-resolution of M and T> = T^o- In particular, 
there are isomorphisms for each n ^ 1 

Ext^(M, AO S H_„(Hom^(X, iV)) Ext^M, N) S H_„(Hom^(iy, JV)) 

Ext^M, JV) S H_ n (Honu(T', AT)). 

Recall that Ext^ (M,N) = for n > d. Apply the functor Honu(-, iV) to the 
sequence (|4.10.ip and take the induced long exact sequence to obtain the desired 
long exact sequence and the isomorphisms. 

To show that the long exact sequence is natural in N, let g: N — > N' be a 
morphism in A. Apply Hom^(— ,g) to the sequence (|4.10.1[) to obtain the next 
commutative diagram 

»- Honu(W, N) ^ Rom A (T, N) »- Horn^Z^AT, N) ^ 



*~ Honu(W, N') »» Hom^(T, N') Hom^E" 1 X, N') 

which induces a commutative diagram of long exact sequences, as desired. 

To show that the long exact sequence is natural in M, let /: M — > M' be a 
morphism in A. Apply Hom^(- , N) to the diagram from Lemma l3.10lTb|) to obtain 
the next commutative diagram 

Rom A (W, N) Rom A (T i , N) >■ Hom^E" 1 ^, N) ^ 



>■ Eom A (W, N) Honu(T, N) »- Hom^E" 1 ^ N) ^ 

which induces the desired commutative diagram of long exact sequences. □ 

4.11. Proof of Theorem\M Fact 12.61 shows that hypotheses of Theorem 14.101 are 
satisfied by W = V C {R) and X = Q{Vc{R))- □ 

The proofs of the next results are dual to those of Theorem 14.101 and Theorem [Bl 

Theorem 4.12. Assume that y is exact and closed under cokernels of mono- 
morphisms. Assume that V is closed under direct summands and is an injective 
cogenerator and a projective generator for y. Fix objects M £ A and N 6 cores y , 
and set d = y~\A(N). There is a long exact sequence 

-^Ext^(M, N) ^ yvWAr) > Ext AV (M,N) e ^ [M ' N) ) ^t\ v {M,N) -> 

-Ext^M, N) *^ M ' N \ Ext^ v (M, N) e ^ {M > N \ Ext^ v (M, N) -> 

■ • • ^Ext^(M, N) <y* {M ' N \ Ext d AV (M, N) e ^ (M ' N l, Ext^ v (M, N) - 
that is natural in M and N , and the next maps are isomorphisms for each n > d 
e AV (M, N) : Ext^ v (M, N) ^ Ext^ v (M, N). □ 
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Corollary 4.13. Let R be a commutative ring, and let C be a semidualizing R- 
module. Let M and N be R-modules, and assume that d = Q{Tc)-v5lr(N) < oo. 
There is a long exact sequence that is natural in M and N 



-Ext£ (Io) (M, N) -> Exti c (M, N) - Ext^ (M, AT) 
->Ext^ {Ic) (M, N) -> Ext| c (M, AT) 
• • • -»Extg (Io) (M, AT) -» Ext^ c (M, TV) 

and i/iere are isomorphisms ExtJ c (M, AT) 



Extf c (M,Af) -» 
Ext£ c (M,AT) -» 



ExtJ (Af, AT) /or eac/i n > d. 



□ 



5. Vanishing of Tate Cohomology 



This section focuses on the interplay between finiteness of homological dimen- 
sions and vanishing of Tate cohomology. It contains the proof of Theorem [C] We 
begin with a result that compares to [3J (5.9)], though the proof is different. 

Lemma 5.1. Assume that W is closed under direct summands, and let M 6 Q(W). 
//Ext^ v _ A (M, M) = or Ext^ w (M, M) = 0, then M is in W. 

Proof. We prove the case where Exty V _ 4 (M, M) — 0; the proof of the other case is 
dual. From Remark 13.21 there is a Tate W-resolution T W M such that a n 
is an isomorphism for all n 0. This induces the second and third isomorphisms 
in the following sequence 



Im(<9 J ) A- Coker(a i ) ^ Coker(dr) 



W\ 70, 



M. 



The first isomorphism comes from the exactness of T. It is straightforward to show 
that the left-most rectangle in the following diagram commutes 



Wn 



■To 



■T_i 



7o 



M J^- Coker(df) Im(c#). 

Here, the morphisms tt and e are the natural surjection and injection, respectively 
and it follows that the right-most rectangle also commutes. This diagram provides 
a monomorphism / = £17(70 So) -1 : M <^-> T_i such that 

/7oa = a o r . (5.1.1) 

The vanishing hypothesis 

= Exty V _ A (M, M) = H (Honu(T, M)) 

implies that every chain map T — > M is null-homotopic. In particular, the chain 
map T M is null-homotopic with homotopy s as in the next diagram 

do _ _ a! 
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This yields a morphism s_i : T_i — > M such that 

7oa = s-i^. (5.1.2) 

Combine (|5.1.2|l and ()5.1. ljl to obtain the following sequence 

s_i/7 a = s_i<9j = j Q a = id Af 7oa 

and use the fact that 7o«o is surjective to conclude that s_i/ = idm- Thus, the 
morphism /: M — ► T_i is a split monomorphism. Since W is closed under direct 
summands and T_x is in W, it follows that M is in W, as desired. □ 

The next result contains a partial converse Proposition I4.5f laj) . as in [3j (5.9)]. 

Theorem 5.2. Assume that W is exact and closed under kernels of epimorphisms 
and that W _L W. -For an object M S res(J(W), i/ie neatf conditions are equivalent: 

(i) W-pd(M) < oo; 

(ii) Extyy_ A (— , JVf) = /or eac/i (equivalently, for some) n 6 Z; 

(iii) ExtKy «(Af, — ) = /or eac/i (equivalently, for some) n 6 Z; and 

(iv) Ext° v ^(M,M)=0. 

iYoo/. FactHH yields a Wa(W)-hull 

->■ M -► if -> M (_1) -> (5.2.1) 

that is, an exact sequence with if 6 res W and Aft" 1 ) € £(W); see Definition O 
Fact Oil implies that W _L M, so the sequence (f5~2~T|) is Hom^(W, -)-exact. 
From the assumption W X W, we conclude that W _L resW. In particular, we 
have W -L if, and a standard argument implies that W _L M^~ x \ 

Fact 11.1 41 shows that Lemma [3.4[[ a| applies to the category X = Q(W). So, the 

object M G res(/(W) admits a proper W-resolution W M. 

The implication ([!]) (juj follows from Proposition 14. 5f[ a]) . 

((TTJ) =>■ ((Iv]). Assume that Ext^ v _ 4 (— , M) = for some n e Z. If n = 0, then 
condition (|rv| follows immediately. 

Assume next that n < 0. Set M<W = M and AfW = Im(df) for each i ^ 1. 
The next exact sequences are Hom^(W, — )-exact because W is a proper resolution 

-> M w -> Wi_i -> -» 0. (5.2.2) 

Since M^,Wi £ resW, induction on i implies that each M^' is in resW by 
Corollary I3.6lj a| . Repeated application of Lemma I4.8lfb|) yields the isomorphisms 
in the following sequence 

Ext^M, M) = Ert WA (M (()) ,M) Si Ext^(M ( " n) , M) = 

while the vanishing is by hypothesis. 

Assume next n > 0. The object M^ -1 ' from (|5.2. 1[) is in Q(W). For i < -2 use 
the complete W-resolution of ^ to construct exact sequences 

-» M (l+1) -> VF, -v M w -> 

with Wt, G W and M« e £(W). Since the complete W-resolution of 1 ^ is 
Hom^(W, — )-exact, the same is true of each of these sequences. A standard argu- 
ment shows that W -L M' 1 ' for each i ^ 2. Repeated application of Lemma l4~5t |b]) 
yields the isomorphisms in the following sequence 

Ext^M, M) S Ext^ (M(-^,M) S • • • S Ext^(M("™\M) = 
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while the vanishing is by hypothesis. 

The implications (jlj =>• (phi =>• (jivl) are verified similarly. 

(fly]) Assume Ext% A (M, M) = and again consider the W A"- hull (|5.2.ip . 

The isomorphisms in the following sequence are from Lemma 14.81 

ExtwA( M< -~ l) > Ml ~ l) ) - Extw^( M » M(_1) ) - VxtyvA( M i M ) = 

while the vanishing is by hypothesis. Since Af( _1 ) G Q(W), Lemma [5.11 implies 
that Af( _1 ) G W. Since K is in resW, the exact sequence (|5.2.1|) implies that 
M G res >V, using HI (3.5)]. □ 

5.3. Proof of Theorem^ Theorem O applies to W = T C (R) by FactHH □ 

The proofs of the next results are dual to those of Theorem 15. 21 and Theorem [Cl 

Theorem 5.4. Assume that V is exact and closed under cokernels of monomor- 
phisms and that V 1 V. For each M G cores Q (V), the following are equivalent: 

(i) V4d(M) < oo; 

(ii) Ext^y(— , M) = for each (equivalently, for some) n G Z; 
(in) Ext^ v (M, — ) = for each (equivalently, for some) n G Z; and 

(iv) Ext° AV (M,M) = 0. □ 

Corollary 5.5. Let R be a commutative ring, and let C be a semidualizing R- 
module. For an R-module M with G(Xc)-idn(M) < oo, the following are equivalent: 

(i) lQ-id R (M) < oo; 

(ii) Ext5 c (M, — ) = for each (equivalently, for some) n G Z; 

(iii) ExtJ c (— , M) = for each (equivalently, for some) n G Z; and 

(iv) Ext° c (M,M) = 0. □ 

The next two results compare to (7.2)] and [HI (4.8)]. 

Corollary 5.6. Assume that X is exact and closed under kernels of epimorphisms. 
Assume that W is closed under direct summands and kernels of epimorphisms. As- 
sume that W is both an infective cogenerator and a projective generator for X. Let 
M be an object of A with d = X-pd(M) < oo. The next conditions are equivalent: 

(i) W-pd(Af) < oo; 

(ii) The natural transformation l ff l x -y^ A (M, — ) : Ext*^(M, — ) — >■ Ext^ v _ /1 (M, — ) 
is an isomorphism for each i; and 

(iii) The natural transformation l ff l x -y^ A (M, — ) : Ext^^Af, — ) Ext^ v _ /l (M, — ) 
is an isomorphism either for two successive values of i with 1 ^ i < d or 
for a single value of i with i d. 

Proof. The implication (0) =>■ © is in pH (4.8)], and ([n} =>■ flm) is trivial. 
For (pTI|) =>■ we consider three cases. 

Case 1: The natural transformations d l XWA (M, —) and ^^^^(M, — ) are iso- 
morphisms where 1 ^ i < d — 1. In this case, use the long exact sequence in 
Theorem I4T01 to conclude that Ext^ v _ A (M, -) = 0. The conclusion W-pd(M) < oo 
then follows from Theorem 15.21 

Case 2: The natural transformation i9^ 1/V ^ 4 (M, — ) is an isomorphism. As in Case 
1, we conclude that Ext^y^(Af, — ) = and hence W-pd(M) < oo. 
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Case 3: The natural transformation ij l XWA (M, — ) is an isomorphism for some 
i > d. Our assumption yields the isomorphism in the next sequence 

Ext l WA {M, -) * Extj^M, -) = 

while the vanishing is from [THJ (4.5.b)] since i > d — X-pd(M). From [TH1 (4. 5. a)] 
we conclude that W-pd(M) < i < oo. □ 

Our next result augments the previous one in the special case X = Q(W). 

Corollary 5.7. Assume that W _L W and that W is closed under direct summands 
and kernels of epimorphisms. Let M be an object of A with d = Q(W)-pd(M) < oo. 
The following conditions are equivalent: 

(i) W-pd(M) < oo; 

(ii) The transformation ^g^ WA (- , M) : Ext g(w)A (-, M) Ext l WA (~,M) 
is an isomorphism on res W for each i; and 

(iii) The transformation ■d l g{w)WA (- 1 M): Extg (W)A (-, M) Ext l w ^(-,M) 

is an isomorphism on res W either for a single value of i with i ^ d or for 
two successive values of i with 1 ^ i < d. 

Proof. First note that res W C res W by Remark 13.11 Furthermore, we have 

resW = resG(W) C resg(W) by Theorem E21jaj) and [HI (3.3.b)]. The impli- 
cation |I| ==>• ((TTJ) now follows from [18l (4.10)]. The implication (JTTJ) => (jm)) is 
trivial, and ([mf =j> follows as in the proof of Corollarv l5.6l □ 

The proofs of the last two results of this section are dual to the previous two. 

Corollary 5.8. Assume that y is exact and closed under cokernels of monomor- 
phisms. Assume that V is closed under direct summands and cokernels of monomor- 
phisms. Assume that V is both an injective cogenerator and a projective generator 
for y. Let N be an object of A with d = y~id(N) < oo. The following conditions 
are equivalent: 

(i) V-id(iV) < oo; 

(ii) The natural transformation $Ay\;(—, N) : Ext^-y(— , N) = Ext^ v (— , AT) is 
an isomorphism for each i; and 

(iii) The natural transformation $ A y V {— ,N): Ext^-y(— , N) = Ext^ v (— , N) is 
an isomorphism either for a single value of i with i ^ d or for two successive 
values of i with 1 ^ i < d. □ 

Corollary 5.9. Assume that V 1 V and that V is closed under direct summands 
and cokernels of monomorphisms. Let M be an object of A with d = Q(V)-id(M) < 
oo. The following conditions are equivalent: 

(i) V-id(M) < oo; 

(ii) The transformation $\g(\>-)\>(N, — ) : Ext^gjy) (N, — ) = Ext^y(A^, — ) is an 

isomorphism on cores V for each i; and 

(iii) The transformation d A g, v ^ v (N,—): Ext^^y) (N, — ) = Ext^ v (7V, — ) is an 

isomorphism on cores V either for a single value of i with i d or for two 
successive values of i with 1 ^ i < d. □ 
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6. Balance for Tate Cohomology 
We begin this section with its main result, which implies Theorem ID] see (|6.2[) . 

Theorem 6.1. Assume that W _L W and V _L V and Q(W) ± V and W 1 G(V). 

Assume that W is closed under kernels of epimorphisms and direct summands and 
that V is closed under cokernels of monomorphisms and direct summands. Assume 
also that Ext^^res VV, V) = = Ext^y(W, cores V). For all M e res£(VV) and 
all N G cores Q(V) and all n 1, we have 

Ext^M, N) = Ext^ v (M, N). 
If, in addition, we have res W = cores V , then this isomorphism holds for all n S Z. 

Proof. We begin by noting that [HI (6.4)] implies that W _L cores Q(V) and 
res G(W) 1 V. Theorem [HHjaj) yields a Tate W-resolution T ^ W -» M such 
that a n is a split surjection for each n € Z. Lemma l3.10t [al) provides a degreewise 
split exact sequence of complexes 

-»• E _1 X -> T W -> (6.1.1) 

wherein X is a bounded strict WC/(W)-resolution of M, T is exact, T„ = for each 
n < —1, T_i is in {?(W), T n is in W for each n ^ 0, and Tj>o = Tj-o- In particular, 
there are isomorphisms for each n 1 

Ext^(M, -) = H_„(Hom^(f , -)). (6.1.2) 

Similarly, let N V ^ L be a Tate V-coresolution such that each [3 n is a split 
monomorphism, and consider a degreewise split exact sequence of complexes 

0^V~>S^'LY^0 (6.1.3) 

wherein Y is a bounded strict <?(V) V-coresolution, S is exact, S" n = for each 
n > 1, Si is in £?(V), is in V for each n ^5 0, and S^o — S^o. In particular, there 
are isomorphisms for each n ^ 1 

ExtlwK N) = H_ n (Honu(- S)). (6.1.4) 

The proof will be complete in the case n 1 once we verify the quasiisomor- 
phisms in the following sequence wherein the isomorphism in the middle is standard 

Rom A (T,N) ~ Honu(T, E -1 §) = Rom A (Zf,S) ~ Uom A (M,S). (6.1.5) 

Indeed, this provides the second isomorphism in the following sequence 

Ext^(M,Af) S H_ n (Honu(T,JV)) <* H_„(Hom^(Af, <?)) S Ext^ v (M,iV) 

for each n ^ 1, while the first and third isomorphisms are from (|6.1.2j) and (|6.1.4[) . 

We claim that the complex Hom_4(T, E -1 !^) is exact. To see this, note that the 
condition Q(W) -L V implies that Ext^ 1 (T i ', Vj) = for all indices i and j. Since 
T is bounded below, a standard argument implies that Hom A (T, Vj) is exact for 
each index j, and similarly it follows that Hom_4(T, V) is exact. We conclude that 
Hom^(T, E _1 V^) = Z _1 Homyi(T, V) is also exact, as claimed. 

Now, apply Hom^(T, Z _1 (— )) to the degreewise split exact sequence (|6.1.3[) to 
obtain the next exact sequence 

-> Honu(r,E~V) -> Hom^ (f .E^S) Hom ^ TX ^^ : Uom A {f,Y) -> 0. 
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The exactness of Horn^T, Y. 1 V) established above shows that the morphism 
Hom^(T, H~ l ri) is a quasiisomorphism. From |18( (6.6.b)] we know that the first 
morphism in the following sequence is a quasiisomorphism 

Honu(f ,N) Ho ^f' 5 \ Kom A (T,Y) Hom ^ f f^ R m A (f , T^S). 

Combined together, these yield the first quasiisomorphism in (|6 . 1 . 5p : the second 
one is dual. This completes the proof when n 1. 

For the remainder of the proof, assume that n < 1 and that resW = cores V. 
Fix a Wg(W)-hvll 

-> M -» K -> M' -> (6.1.6) 

that is, an exact sequence in A with K 6 resW = cores V and M' G <?(W); see 
Definition 1 1.71 We proceed by descending induction on n. The base case n 1 has 
already been established. Assuming that the desired isomorphisms hold with index 
n + 1, we have the second isomorphism in the next sequence 

Ext^(M, N) £* Ext&J(M', iV) £* Ext^+^M', AT) S Ext^ v (M, AT). 

The first isomorphism is from Lemma I4.8l|bf , and the third isomorphism is from 
Lemma l4~9lf a| . This completes the proof. □ 

6.2. Proof of Theorem\^ We need to check that the categories W = Vb(R) and 
V = l B i (R) satisfy the hypotheses of Theorem O We have V B {R) -L Pu(-R) 
and I B f(R) -L I B f(R); see Fact EH The conditions G(T B {R)) 1 I B t(-R) and 
Ps(iJ) -L G(I B t(R)) are from QH (6.16)]. The fact that is closed under 

kernels of epimorphisms and direct summands, and that I B ](R) is closed under 
cokernels of monomorphisms and direct summands is in Fact 12.61 We have 

Ext|i (res^CR),X Bt (R)) = = Extf^ (T B {R), cores X^{R)). 

from [181 (6.15)]. Finally, when R is noetherian and C is dualizing for _R, we have 
resV B (R) = cores l B i(R) by Lemma |2"771 □ 

Corollary 6.3. Let R be a commutative ring, and let M and N be R-modules such 
that gV-pd R (M) < oo and Q2-idn(N) < oo. For each n 1, we have 

Ext£(M, AT) ^ ExtJ(M, Af). 

When R is Gorenstein, this isomorphism holds for all neZ. 

Proof. One readily checks that the categories W = V(R) and V = L(-R) satisfy 
the hypotheses of Theorem 16. II the relative Ext- vanishing follows from the balance 
Ext-p = Ext = Ext i on Ai(R) x A4(R), and the other hypotheses are standard. □ 

We conclude with two applications of Theorems 15.21 and 16.11 

Theorem 6.4. If W and V satisfy the hypotheses of Theorem \6.1\ then there are 
containments iesQ(W) f) cores V C res W and cores G(V) n resW C cores V. 

Proof. We verify the first containment; the second one is verified dually. Fix an 
object M e res£(W) n cores V. The object M admits a WAMiull 
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By assumption, we have K £ resW and X £ Q(W). The condition W _L Q(W) 
from Fact ll.l4"l shows that W _L M, so the displayed sequence is Hom^(W, — )-exact. 
Lemma l4.8t|b|) yields the first isomorphism in the next sequence 

Ext^(M, M) S Ext^psT, M) = Ext^ v (X, M) = 0. 

The second isomorphism is from Theorem 16.11 and the vanishing is from Theo- 
rem [IT4J Hence, Theorem 15.21 implies W-pd(Af) < oo, as desired. □ 

From this we recover some of the main results of [213] . 

Corollary 6.5. Let R be a commutative ring, and let C be a semidualizing R- 
module. Let M be an R-module. 

(a) LfgP c -pd R {M) < oo and id R (M) < oo, then V c -pd R (M) < oo. 

(b) Lfgi-id R (M) < oo and P c -pd R (M) < oo, then id R (M) < oo. 

(c) Lf gP-pd R {M) < oo andl c -id R (M) < oo, then pd R (M) < oo. 

(d) Lf gic-id R (M) < oo and pd R {M) < oo, then 2 c -id R (M) < oo. 

Proof. We prove part jaj; the other parts are similar or easier. Assume that 
gPc-~P<i R (M) < oo and id^(M) < oo. The finitcness of id R (M) implies that 
M £ Bc(R), by Fact 12.61 Hence, the condition gPc~pd R (M) < oo works with 
Lemma 12.91 to imply that g(Pc)-pd R (M) < oo. Now apply Theorem 16.41 with 
W = P C {R) and V = T{R) to conclude that P c -pd R (M) < oo. □ 
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